We present a differential formulation of the recursion formula of the hierarchical model which provides a recursive method of calculation for the high-temperature expansion. We calculate the first 30 coefficients of the high temperature expansion of the magnetic susceptibility of the Ising hierarchical model with 12 significant digits. We study the departure from the approximation which consists of identifying the coefficients with the values they would take if a [0, 1] Padé approximant were exact. We show that, when the order in the high-temperature expansion increases, the departure from this approximation grows more slowly than for nearest neighbor models. As a consequence, the value of the critical exponent γ estimated using Padé approximants converges very slowly and the estimations using 30 coefficients have errors larger than 0.05. A (presumably much) larger number of coefficients is necessary to obtain the critical exponents with a precision comparable to the precision obtained for nearest neighbor models with less coefficients. We also discuss the possibility of constructing models where a [0, 1] Padé approximant would be exact.
Motivations, Main Results and Notations
The hierarchical model [1] is a model for which the renormalization group transformation [2] reduces to a simple recursion formula. This recursion formula is a simple integral equation which has been studied in great detail. [3] More recently, interesting results concerning the analyticity and the location of the complex zeroes of the probability distribution associated with the infrared fixed point have been found. [4] The hierarchical model has a free parameter ǫ which is used in the ǫ−expansion. By adjusting this parameter, one can use the hierarchical model as an approximation [1−5] to nearest neighbor models in various dimensions. In the case D = 3, the hierarchical approximation yields values of the critical exponents which agree within a few percent with the best estimates for nearest neigbor models.
A difficult but interesting question is how to improve the hierarchical approximation while keeping control on the complexity of the renormalization group transformation. This question can be answered for gaussian models using grouptheoretical methods. [6] However, the extension of these methods to interacting models is not straightforward because many more terms can be generated perturbatively. The main problem consists in identifying the most important perturbations which should be added to the hierarchical model in order to obtain a critical behavior more similar to nearest neighbor models. A possible indicator which could be used to achieve this goal is to calculate the effect of a perturbation on the hightemperature coefficients. Before evaluating the effects of these perturbations, it is necessary to develop efficient methods to calculate the high-temperature expansion of the (unperturbed) hierarchical model. Recently, analytical formula for the first four coefficients of the magnetic susceptibility were calculated for a Ising measure. [7] The method used relies on high-temperature graphs. Due to the non-locality of the model, the terms appearing in the coefficients rapidly proliferate and require elaborate symbolic methods to be handled.
In this article, we present a recursive method which allows an efficient calculation of the high-temperature expansion of the hierarchical model. This method combines the renormalization group method whith the high-temperature expansion but does not rely on any graphical analysis. It is a simple differential version of the recursion relation (with an arbitrary rescaling of the spin variable). It essentially solves the problem of the high-temperature expansion provided that we keep the numerical stability and the volume effects under control. This method is explained in section 2 where we also calculate the first 30 coefficients of the high-temperature expansion of the magnetic susceptibility of the hierarchical Ising model in a large (2 60 sites) but finite volume. Checking with analytical results and comparing different implementations of the differential recursion formula, we
claim that for ǫ = 1, the method is numerically stable as far as 12 significant digits are concerned, and that within this precision, the first 30 coefficients have reached their infinite volume limit when 2 60 sites are reached. We also briefly discuss the possible use of the differential formula to obtain analytical results concerning the high-temperature expansion.
In section 3, we study the departure from the approximation which consists of identifying the coefficients with the values they would take if the [0, 1] Padé approximant for the logarithmic derivative of the susceptibility were exact. The resulting approximate relation among the coefficients was suggested by a numerical study [8] where we calculated (without any approximation) the magnetic susceptibility of the hierarchical Ising model with up to 2 18 sites. In this study, we found that the numerical data can be fitted very precisely with a simple power law of the form (1 − β/β 0 ) −g in the whole high-temperature region, i.e., for β ∈ [0, β c ).
The values of g obtained from the numerical data or from the [0, 1] approximant, differ significantly from the best estimates of the values of the critical exponent γ calculated [3, 9] with the ǫ-expansion. In the case of the numerical data, the most plausible explanation provided by a a renormalization group analysis [8] is that this discrepancy is due to the limited size of the lattice used in these calculations. As we shall recall in the following section, if the lattice has 2 n sites, the recursion formula can only be used n times, and n = 17 does not seem to be enough to get rid of the irrelevant components of the measure. On the other hand, the fact that a [0, 1] approximant gives poor estimate is not surprising. What is surprising is how slowly the departure from this approximation grows when the order in the high-temperature expansion increases.
In section 4, we use Padé approximants to estimate γ and β c . We first discuss how the results depend on the volume. We show that when the volume is not too large -less or much less than 2 20 sites for the orders considered here -the approximants can resolve a pair of complex conjugate roots approaching the real axis in the complex temperature plane. However, for larger volume, two real roots appear with -in a large majority of cases -only one root stabilizing near β c .
This stabilization toward the infinite volume value seems to occur with a precision comparable to the precision of the coefficients. We have checked this statement for the six approximants which can be calculated from the exact [7] values of the first four coefficients at infinite volume. We concluded that the errors on the estimation of the critical quantities due to finite volume or round-off errors were very small compared to the size of the effects discussed below. More precisely, the 12 significant digits precision on the infinite volume coefficients are more than sufficient to discuss effects of order 10 −3 in the critical quantities. The results for the 435 approximants that one can obtain from the coefficients up to order 30 are then presented. The estimates of β c are slightly too high for low order approximants but seem to converge reasonably well (i.e., small errors in the fourth significant digit in most of the cases) when the order becomes large enough. On the other hand, the estimates of γ are significantly too high for low order approximants and evolve very slowly toward our best estimates. In order to give an idea, absolute errors of order 0.07 and 0.11 (respectively) are typical of the large order estimations for ǫ = 1 and 0 (respectively).
These large discrepancies can be understood in terms of the approximate relations discussed in section 3. For instance, the values of the critical exponent γ extracted from a [9, 10] Padé is still midway in between the crude estimate given by the [0, 1] approximant (e.g., 1.52 for ǫ = 1) and the exact value (1.30, in the same case). This point is discussed at length in section 4 for ǫ = 1 and 0. From these results, it appears that a (presumably much) larger number of coefficients is necessary to obtain the critical exponents of the hierarchical model with a precision comparable to these obtained [10] for nearest neighbor model (i.e., a precision of 0.001 or better).
We also discuss (section 5) the possibility of constructing models where a [0, 1]
Padé approximant would be exact. We first compare the approximate relations, for the hierarchical model and the nearest neighbor models when the dimensional parameter D = 4 −ǫ is varied. We show that the corrections to the Gaussian result (for which the approximation is exact) appear only at second order in the 1/D− expansion [12] for the hierarchical model while it appears in first order for nearest neighbor models. Unfortunately, the use of this expansion is obscured by a proliferation of zeroes and poles appearing in the expression of the coefficients when D is promoted to a complex variable. [7] We also mention the fact that supersymmetric models [13] might be used as a guide to achieve this goal.
In the conclusions, we give various estimates of the number of coefficients necessary to calculate γ with a reasonable precision. We discuss briefly the feasibility of the project and additional problems which could be considered in this context. We also compare with other recursive methods [11] used to calculate the hightemperature expansion of the 3D Ising model. This raises the following dilemma:
on one hand, we have a much more simple and efficient method of calculation, on the other hand, we need much more coefficients to obtain a comparable information.
In order to give a self-contained presentation, we briefly remind our conventions concerning the hierarchical Ising model and its free parameter. Hierarchical models [1] are specified by a non-local hamiltonian bilinear in the spin variables and a local measure of integration. In the following, we consider exclusively the case of an Ising measure, where the spin variables take only the values ±1. The models considered here have 2 n sites. In the following, n will always be used in this sense.
We label the sites with n indices x n .....x 1 , each index being 0 or 1 . The energy of a spin configuration reads
The motivations for this construction and the derivation of the recursion formula are reviewed in Ref. [8] .
The model has a free parameter c for which we shall use the parametrization
The parameter of the epsilon-expansion can be defined as
When D ≥ 4, the model has a trivial continuum limit. [3] When D ≤ 2, the model does not have a phase transition at finite temperature. [1] These two rigorous results can be understood heuristically in terms of the the self-intersection properties of the random walk associated with H, by noticing that the Haussdorff dimension of this random walk is 2/D. [14] From the point of view discussed at the beginning of the introduction, the most interesting region is 2 ≤ D ≤ 4 (i.e., 1 ≤ c ≤ 2 1/2 ), however, the model has a sensible infinite volume limit for a wider range of the free parameter, namely 0 < D < ∞ (i.e., 0 < c < 2). We define the magnetic susceptibility per site as
The high-temperature expansion of this quantity reads
A Recursive Method for the Calculation of the High-Temperature Expansion
Due to the non-locality of the hierarchical model, the evaluation of the coefficients is rather tedious. We have used three types of techniques to calculate these coefficients. Two of them have been described at length in Ref. [7] . Up to order 4, analytical calculations can be performed using algebraic methods [7] and yield expressions where D and n are arbitrary. Substituting numerical values into these formulas provides very precise numerical comparisons with other numerical methods. We checked the validity of the analytical results by introducing a hightemperature expansion in the numerical method used in Ref. [8] . This numerical method is very reliable but rather slow and does not allow large n calculations, because the computer time involved grows like 4 n .
In order to perform large n calculations, we have designed another method of calculation based on the Fourier transform version of the recursion relation. If we call P n (k) the Fourier transform of the probability of the mean spin for 2 n sites, we obtain the recursion relation
where C n+1 is adjusted in order to get P n+1 (0) = 1 and the exponential of the second derivative is defined through the Taylor expansion. For the Ising model considered here, the initial function is
In this formulation, the magnetic susceptibility reads
More generally, P n (k) generates the average values for the even powers of the mean spin:
Equation ( The computer time necessary to calculate the m first coefficients grows like m 2 n since we only need to retain the first 2m + 2 terms in the Taylor expansion of the functions introduced in the recursion formula. This is much better then the 4 n behavior reached by straightforward evaluation [7] following the integration method of Ref. [8] . In order to give an idea concerning the absolute time scale, it takes a little less than two days, with Mathematica, to iterate 60 times Eq. (2.1) expanded up to order 30.
Since the method requires many iterations, it is important to check the numerical stability of the algorithm. One potential numerical difficulty is the appearance of large numbers in (2.4), since one expects (see section 3 of Ref. [8] ), that for large n,
This difficulty can be overcome either by replacing (2.1) by a recursion formula for the logarithm of P n divided by the number of sites, or by introducing an appropriate rescaling in (2.1). In the following, we only discuss the magnetic susceptibility and consequently, the second possibility is the most convenient one. In general, a rescaled version of (2.1) can be obtained by defining
In terms of this rescaled quantity, (2.1) becomes
7) .
The large volume behavior shown in (2.5), can then be compensated by chosing λ = √ 2. This choice has been used for all the numerical results given hereafter.
This modification improves significantly the precision of the calculation as discussed below. Note also that the renormalization group transformation is obtained by
In the rest of this section and the next section, we discuss mostly the numerical results for D = 3. Results for other values of D will be discussed in sections 4 and 5.
Checking the numerical results obtained with the rescaled recursion formula (2.7)
at λ = √ 2, for the first four coefficients, for all n up to 60, with the exact results at finite volume, [7] we found errors of at most 1 in the 13-th significant digit. This precision is almost twice better than the one obtained with the original formula (2.1). We have also compared slightly different numerical implementations for which the round-off errors should be different and found agreement at that level of precision for the 30 coefficients. We conclude that after 60 iterations, the numerical errors are at most in the 13-th significant digit.
The next question is to determine how close the coefficients calculated with 2 60 sites are from the infinite volume ones. In order to get a first idea concerning the volume dependence of the coefficients, the results for D = 3 and n = 10, 20, 30
and 40 are given in Table 1 . It is possible to compare the values of the first four coefficients with their infinite volume limit values: [7] b 1 =1.242602432206561
One sees that roughly, the agreement with the infinite volume limit improves by two digits each time that n is increased by 10. This suggests that the volume dependence is exponentially suppressed. In order to check this possibility, we have plotted in Fig.1 The figure makes clear the length of the plateau at low n increases with m, in other words, higher order coefficients take a larger volume to stabilize (with exponential precision) near their infinite volume limit. After this, all the trajectories appear more or less parallel. The slope can be compared with the analytical results [7] which show that the leading n-dependence of the first four coefficients comes from terms proportional to ( c 2 ) n . We remind that in the case considered here, (D = 3), c = 2 1/3 . The general agreement with this prediction is quite clear in Fig.1 .
In conclusion, Fig. 1 supports convincingly the possibility that the coefficients displayed reach their infinite volume limit with an exponential precision, and that up to the 30-th coefficient for D = 3, the n = 60 results give estimates of the infinite volume values which are accurate up to the 12-th significant digits (which is the limit of our numerical precision). The numerical results are given in Table 2 for n = 60 and D = 3 and also, for further reference, for D = 4.
For comparison, we have also given in Table 1 the first 17 coefficients for the nearest neighbor model in three dimensions on a simple cubic lattice. These coefficients have been calculated from the tables given in Ref. [10] . Note that these tables are given for the expansion parameter tanh(β), and an additional expansion is necessary in order to obtain an expansion of the form of Eq. (2.5). In addition, we have rescaled the temperature of the nearest neighbor model in such a way that its first coefficient coincides with the one of the hierarchical model in the infinite volume limit. The large discrepancies indicate that the high-temperature coefficients should be sensitive to "non-hierarchical" perturbations.
Before closing this section, let us mention the possibility of using Eq. 
Approximate Relations among the High-Temperature Coefficients
In a recent numerical calculation, [8] we found that the numerical data for the susceptibility at n = 14, 15 and 16 can be fitted very precisely with a simple power law of the form (1 − β/β 0 ) −g in the whole high-temperature region. As a consequence, it is possible to obtain a simple approximate formula for the hightemperature coefficients of the susceptibility in terms of g and β 0 by comparing Eq. (2.5) and Note that due to the homogeneity of the approximate relations mentioned above, the ratio ∆ m,n /b m,n is invariant under a rescaling of the temperature. In particular, this implies that the rescaling of β used in Table 1 for the nearest neighbor model has no effect on this ratio. The numerical values of this ratio for D=3, m up to 30, and n = 40 and 60 are displayed in Table 3 . The comparison between the results for the two values of n, shows that the volume dependence is not an issue for the discussion in the rest of this section.
We can now compare the approximate relations for the hierarchical model and the nearest neighbor model. We see that in both cases the quality of the approximation deteriorates when m increases. However, the rate are quite different: cantly larger than the value of the critical exponent γ obtained [9] in the ǫ-expansion, namely 1.300. A value close to 1.30 has also been obtained with independent methods by Bleher.
[3] The value of β 0 is also significantly larger than our best estimate [8] We suspect that there exists a definite relationship between the quality of the estimates made from finite n and infinite m (as done in Ref. [8] ) and those made from finite m and infinite (or sufficiently large) n (as done here). This remark is motivated by the observation that the values of γ obtained at n = 16 (e.g., 1 .47 for D=3) are close to those obtained from low order Padé approximants (see next section). The discrepancy of the finite volume fits with the ǫ−expansion was attributed [8] to the fact that for n = 16, for instance, we can only use the recursion formula 16 times, while a larger number seems necessary to get rid of the irrelevant components of the measure. This statement has a counterpart for the high-temperature expansion which is roughly the following: the coefficients which at a finite n, have reached their infinite value with an acceptable precision, provide estimates of the critical exponents consistent with the finite n data. Since a direct calculation of the susceptibility at n = 30 or 40 seems excluded with the exact method used in Ref. [8] , we cannot sharpen further the statement made above.
However, the n−dependence of the numerical estimates shown in Figs. 11 and 12 of ref. [8] , the regularity of the length of the shoulders of Fig. 1 of this article and the results shown below suggest that a more quantitative study could be made in the future, possibly using the Eq. (2.7).
Estimation of β c and γ Using Padé Approximants
In this section, we discuss the estimation of β c and γ, using [L, M] Padé approximants with L+M +1 ≤ 30. In the following, we call L+M +1 the order of the approximant. Since our calculation of the coefficients has been done at large but finite volume, we will first address the question of the volume dependence of the results obtained. As well-known, at finite volume, a singularity of the susceptibility on the real temperature axis is impossible. However, when the volume increases, a pair of complex conjugate singularities can approach arbitrarily closely the real axis. As we now proceed to explain, the Padé approximants sense this approach of the real axis, but with a finite resolution.
We have studied a large set of approximants using the finite volume coefficients and followed the motion of the roots of the denominator when the volume is increased. We have observed the following patterns in a large majority of cases.
For n below a number which is usually between 10 and 15, the roots move by large steps, usually of the same order as the change in the coefficients. During this preliminary motion, a pair of roots "pinches" the real axis and two clearly distinct real roots appear. This situation is illustrated in Fig. 3 . One of these two real roots almost immediately stabilizes near β c (1.179 in this case), while the other makes a few erratic steps before stabilizing (more slowly) near another real value clearly distinct from β c . Fig. 4 illustrates the small size motion of all the roots in the complex plane for n between 17 and 60. All the roots are well separated and for the roots labeled 1, 3, 4, 5, and 6 the changes are barely perceptible. We have skipped n =14, 15 and 16, because the root labeled as 2 in Fig. 3 makes sudden changes during these 3 steps. Comparing with other cases, it appeared clearly that the value of n for which the pinching of the real axis occurs increases with the order (L + M + 1) of the approximant. In other words, it appears that the Padé approximants of a given order can only resolve a pair of complex conjugate roots when their distance to the real axis is not less than a certain value (which decreases with the order of the approximant).
In most of the cases, the roots are widely separated for n > 20. However, there are a few exceptional cases where two real roots are very close to β c , for instance the [13, 12] and the [12, 13] approximants for D = 3, and also [10, 11] and [11, 12] for D = 4. In these special cases, the residues at both poles are very different from the residues at the pole near β c for most approximants of comparable order.
A closer look at the numbers indicates that the change in the location of the pole near 1.18 and the change (due to the volume) in the value of the residue at the pole decrease exponentially when the volume is increased. In the case of approximants requiring 4 coefficients or less, we can indeed obtain a precise comparison between the results at n = 60 and n = ∞ using the infinite volume limit values of Eq. (2.8). We found that for the six approximants with L+M +1 ≤ 4 the difference between the n = 60 and n = ∞ appears at worse in the 11-th significant digit for both β c and γ. We also made independent random changes of order 10 −4 in the values of a few coefficients and did not observe any instability in the estimations. Our general conclusion concerning the volume dependence of the estimations obtained from Padé approximants calculated with coefficients corresponding to models with 2 60 sites, is that the results obtained approximate the infinite volume results with a precision which is far beyond what would be required to discuss effects of the order of 10 −3 in the critical quantities.
We can now present the numerical results. In Table 4 
Are There Models for which the Approximate Relations are Exact ?
Up to now, the approximate relations discussed in section 3 have had a rather unpleasant effect: we need to calculate many coefficients in order to get any reliable result. However, the situation would be opposite if these relations were exact or if the departure could be estimated very precisely. It is thus tempting to try to construct models where, for instance, the [0, 1] Padé approximant would be exact.
A modest step in this direction consists in considering the D−dependence of the approximate relations studied in the special case D = 3 in section 3, and compare with the nearest neighbor models. In the rest of this section, we consider the infinite volume limit and the reference to n disappears. In On the other hand, the fact that the approximation becomes better for large D is due to the fact that, as for the nearest neighbor models [12] , the corrections to the Gaussian result b m /b m 1 = 1 vanish. Note that the approximation discussed in section 3 is more general than the Gaussian approximation, since it allows b 2 to be distinct from b 2 1 , however it is obviously exact in the gaussian approximation.
We first consider the nearest neighbor case. After an elementary calculation and an appropriate expansion of tanh(β), we obtain that for the Ising models with nearest neighbor interactions on an hypercubic lattice of dimension D:
Expanding ∆ m /b m in 1/D, we obtain:
We can now compare with a similar expansion for the hierarchical model. Using the results of section 6 of Ref. [7] , we obtain We shall end this section with a speculative note. Supersymmetric gauge theories provide non-trivial examples where the dependence of some Green's functions on the mass is expected to be a simple power law, [13] which is somehow the same thing as saying that Eq. (3.1) is exact. It is clearly difficult to compare these supersymmetric theories, which as far as we know do not have a satisfactory lattice regularization, with the spin models considered here. However, the non-locality of the hierarchical model suggests that it is an "effective" theory obtained after integrating over some other local variables. Indeed, a concrete example has been given in Ref. [15] , where the hierarchical model was reformulated as a local theory with additional spin variables integrated with a Gaussian measure. It thus conceivable that one could find a reformulation of the hierarchical model where approximate symmetries playing a role similar to the supersymmetries, could be more manifest.
Conclusions
We have presented a recursive method of calculation which allows an efficient calculation of the high-temperature expansion of the hierarchical Ising model. The number of coefficients calculated is larger than what seems achievable [1011] in the case of nearest neighbor models. However, our errors on the critical exponent γ range between 0.05 and 0.1 and are much larger than the typical precision (0.001) obtained for nearest neighbor models with less than 20 coefficients. We have carefully considered the errors due to the fact that we used a large but finite volume to calculate the coefficients and concluded that these errors were much smaller than the effects described above.
We have identified the reason of this slow approach of the asymptotic regime by comparing the departure from the approximation corresponding to a [0, 1] Padé approximant. The last two columns of Table 3 indicate that at least 50 coefficients will be necessary in order to get a precision of 0.001 for γ. However, Tables 4 and   5 seem to leave open the possibility that a much larger number might be necessary.
With the numerical method used in this paper, it would probably take a year to calculate 400 coefficients. We are presently working on an optimized version [16] of the existing program which would allow us to achieve this goal in a shorter time.
Note that recursive methods have been found [11] to calculate the high temperature expansion of the 3D Ising model with nearest neighbor interactions. Their recursive step consists of adding one spin and the calculation requires large parallel computers to calculate 24 coefficients. Our recursive step consists of putting in contact two identical systems of size 2 n in order to get a system of size 2 n+1
and 24 coefficients can be obtained within less than two days with a PC. On the other hand, with 24 coefficients, we obtain estimates which are less precise by one order of magnitude. We would like to check weather or not the following possibility occurs: our recursive algorithm would require a logarithmically smaller time of computation, but at the same time require an exponentially larger number of coefficients in order to reach a given precision.
Having at hand a large number of coefficients for the high-temperature expansion would allow precise comparison with the ǫ−expansion for which a large number of coefficients is available. [9] In the case of nearest neighbor models, discrepancies have been observed between these two methods. [17] However, several authors [18] analytical results of Ref. [7] in the infinite volume limit were used to draw the curve. coefficients divided by the exact value, for the hierarchical model with D = 3 and 2 n sites with n = 40 and 60. The last column is the same quantity for the nearest neighbor model on a simple cubic lattice. Table 1 
